We address the dynamics of fundamental and higher-order dark solitons on the intense parabolic background in a planar graded-index waveguide with self-defocusing nonlinearity. It is shown that dark solitons on the parabolic background can propagate stably, and feature the properties similar to dark solitons for standard nonlinear Schrödinger equation. We present an approximate solution for dark soliton on a parabolic background, and discuss its motion trajectory. In addition, the interaction between neighboring dark solitons on parabolic background is investigated.
I. INTRODUCTION
Self-similar waves, also called similaritons, that maintain their overall shapes but with their parameters such as amplitudes and widths changing with the modulation of system parameters, have been paid more attention in many branches of physics, such as nonlinear optical systems, plasma physics, fluid dynamics, Bose-Einstein condensation, and condensed matter physics ͓1͔. In nonlinear optics, the selfsimilar waves have been investigated extensively due to their potential applications in all-optical devices ͓2-24͔. So far, the investigations on optical self-similar waves have dealt with two contents. One of them is the exact self-similar waves, which are mainly described by the exact solitary solutions, including the bright and dark soliton solutions, the quasisoliton solutions, the solitary nonlinear Bloch waves, and the solitons on the continuous-wave background ͓2-15͔. The other is the asymptotic self-similar waves, which are mainly described by the compact parabolic, HermiteGaussian, and hybrid functions, in which the parabolic selfsimilar solution is more intriguing because they can be easily generated from arbitrary input optical waves and retain the robustness for the higher initial power ͓16-24͔. Those properties of self-similar waves may be useful for nonlinear optical communications. Due to their potential applications in nonlinearity management and dispersion management systems, recently self-similar solutions have been studied extensively.
It should be noted that among all of these mentioned above, the study on dark solitons is less investigated. One of the main reasons may be because dark soliton is hard to be realized in experiment due to its infinite-width background, which requires extreme high powers for the generation of dark solitons. Therefore, from the application and technical points of view, the study on dark solitons with finite-width background is of practical importance. Based on this point, the dynamics of dark solitons on the Gaussian-type background has been investigated ͓25-27͔. The results have shown that the Gaussian background spreads and the amplitudes of both dark beam and Gaussian background decrease during propagation of dark solitons. However, in practical applications, a stable stationary background is needed so that one can realize the propagation and the control of dark soliton in a better and efficient way. The investigations have shown that a waveguide with parabolic profile can support the propagation of a stable stationary parabolic beam, which provide a platform to realize the propagation of dark soliton on the parabolic background in a waveguide with parabolic refractive index. Furthermore, the successful demonstration of oscillation and interaction for matter wave dark solitons in Bose-Einstein condensates ͑BECs͒ will also stimulate us to investigate the evolution and interaction of matter wave dark solitons ͓28,29͔. Therefore it is necessary to investigate the dynamics of dark soliton with the parabolic background not only in nonlinear optics, but in other fields, such as BECs.
In this paper, we demonstrate self-similar evolution of fundamental and higher-order dark solitons on the intense parabolic background in a planar graded-index waveguide with self-defocusing nonlinearity. We show that dark solitons on the parabolic background can propagate stably, and feature the properties similar to the dark solitons for standard nonlinear Schrödinger equation. We present an approximate solution for dark soliton on a parabolic background. Based on the approximate solution and using the total power conservation, the motion trajectory of dark soliton on the parabolic background is discussed in detail. In addition, the interaction between neighboring dark solitons on the parabolic background is investigated. Finally, we discuss the dynamical behavior of dark soliton on the parabolic background under the nonintegrable condition, and the results show the dark soliton can self-similarly evolve on the parabolic background when it passes through the nonlinear well or barrier, and exhibit the robustness of dark soliton on the parabolic background.
The paper is organized as follows. In Sec. II, the nonlinear wave equation governing beam propagation in a gradedindex waveguide is presented and reduced into the standard nonlinear Schrödinger equation with the harmonic potential by the suitable transformations of variables and function. In Sec. III, we present approximate self-similar solutions with parabolic envelope provided that the initial power of the beam is large enough, and discuss the self-similar properties. Based on the stable parabolic beam, the dynamics of dark solitons on the parabolic background is in detail investigated in Sec. IV. Finally, Sec. V presents conclusions and discussions of our results.
II. MODEL AND REDUCTIONS
We consider a planar, graded-index waveguide with the refractive index
where I͑z , x͒ is the optical intensity. Here the first two terms describe the linear part of the refractive index and the last term represents Kerr-type nonlinearity. For convenience, we assume that the second terms n 1 Ͼ 0, and the dimensionless function F͑z͒ can be negative or positive, which corresponds to the graded-index waveguide acting as a focusing or defocusing lens. The Kerr parameter n 2 can take positive ͑nega-tive͒ for nonlinear self-focusing ͑self-defocusing͒ medium, and the dimensionless function R͑z͒ Ͼ 0, which represents inhomogeneity of Kerr nonlinearity along medium. Under slowly varying envelope approximations, the nonlinear wave equation governing beam propagation in such an inhomogeneous waveguide given by Eq. ͑1͒ can be written as
where k 0 =2n 0 / is the wave number with being the wavelength of the optical source generating the beam, and g͑z͒ is the gain or loss coefficient ͓g͑z͒ Ͼ 0 for gain, and g͑z͒ Ͻ 0 for loss͔. Introducing the normalized variables
and L D = k 0 w 0 2 represent the characteristic transverse scale and the diffraction length, respectively, thus Eq. ͑2͒ can be rewritten in a dimensionless form
where = n 2 / ͉n 2 ͉ = Ϯ 1 corresponds to self-focusing ͑ϩ͒ and self-defocusing ͑Ϫ͒ nonlinearity of the waveguides, respectively, and F͑Z͒, R͑Z͒, and G͑Z͒ are the functions of the normalized distance Z. Recently, based on Eq. ͑3͒ with constant coefficients, bright and dark spatial self-similar waves, as well as periodic self-similar wave propagating in graded-index waveguide amplifiers with self-focusing or self-defocusing Kerr nonlinearities have been discovered and analytically described ͓12͔. A broad class of exact self-similar solitary wave solutions are found by using the extended mapping deformation method ͓13͔. Considering inhomogeneous gain media, in which the dimensionless functions F͑Z͒ and G͑Z͒ in Eq. ͑3͒ are the functions of Z, an extensive family of optical similaritons has been investigated ͓14͔. Here, we will consider the dynamics of dark soliton on the parabolic background in nonlinear waveguide.
In order to obtain the exact analytical solutions for Eq. ͑3͒, we introduce the following transformations of function and variables ͓14,15͔
Here W͑Z͒ and X c ͑Z͒ represent the width and the central position of the beam, respectively, which are all the real functions of Z, and
stands for the phase, where C 0 ͑Z͒, C 1 ͑Z͒, and C 2 ͑Z͒ are the parameters related to the phase offset, the frequency shift, and the phase-front curvature, respectively. Substituting the transformations ͑4͒ and ͑5͒ into Eq. ͑3͒, and by demanding that
where K is the constant, then Eq. ͑3͒ can be reduced to the following nonlinear Schrödinger ͑NLS͒ equation:
Note that we have used the following integrability condition
Therefore, once the beam width W͑Z͒ is determined by the distributed parameter F͑Z͒ and the constant K ͓see Eq. ͑6a͔͒, under the integrability condition ͑8͒, we can directly present solutions for Eq. ͑3͒ by solving a set of equations ͑6͒. Note that in the particular case with R͑Z͒ = 1 and K = 0, the above general formula is reduced to that given in Ref. ͓14͔, where some self-similar properties of bright and dark solitons were investigated in detail. However, here we present a more general situation, and are interested in the case where the nonlinear parameter R͑Z͒ being the function of Z and K being nonvanishing, which can be used to discuss the properties of dark soliton on the parabolic background for Eq. ͑3͒ with the aid of Eq. ͑7͒. It should be pointed out that Eq. ͑7͒ can also describe the dynamics of the one-dimensional BEC trapped in the harmonic potential in the mean-field approximation ͓30͔. Based on Eq. ͑7͒, the dynamics of dark soliton in a BEC trapped in a harmonic potential is extensively discussed, and the result showed that the motion trajectory of dark soliton is oscillatory ͓31-39͔. However, the dynamics of dark soliton on the parabolic background in nonlinear waveguide has not been reported yet.
III. DARK-CORE SELF-SIMILAR SOLUTIONS WITH PARABOLIC ENVELOPE
First, we consider the stationary solutions of Eq. ͑7͒ in the form ⌽͑ , ͒ = ⌿͑͒exp͑−i␤͒, where ␤ is the propagation constant, and ⌿͑͒ is the real function. Thus, Eq. ͑7͒ can be written as
When the initial power is large enough, the diffraction term is negligible. In this case, in order to find the approximate stationary solution with the compact parabolic form, we require ␤ Ͻ 0 and K␤ Ͻ 0, which imply that when =−1 ͑correspond-ing to the self-defocusing media͒, ␤ Ͼ 0 and K Ͻ 0; when =1 ͑corresponding to the self-focusing media͒, ␤ Ͻ 0 and K Ͼ 0. The numerical simulations show that for self-defocusing case ͑ =−1͒, when ␤ / ͉K͉ is larger enough the stationary solution is stable ͓Fig. 1͑a͔͒, while for self-focusing media the compact parabolic wave is splitted into some filaments ͓Fig. 1͑b͔͒. Therefore, we only consider the case of = −1. In this situation, the approximate parabolic solution for Eq. ͑7͒ is of the form
which corresponds to the well-known Thomas-Fermi approximation ͓30͔, where ␤ Ͼ 0 and K Ͻ 0 are the constants.
Here, for the sake of simplicity, we take K = −1. Thus, with aids of Eqs. ͑4͒-͑6͒ we can present the approximate parabolic solution for Eq. ͑3͒. Note that the total power
3/2 / ͑3WR͒, which is fully determined by the propagation constant ␤, the width of the beam W, and the nonlinear parameter R.
In order to study the dynamics of dark solitons on the parabolic background for Eq. ͑3͒, we assume that the width of the parabolic background keeps unchanged during the propagation. Thus we can require G =− 1 R dR dZ from the integrability condition ͑8͒. Therefore, we consider a special situation with F = F 0 ͑which is a constant͒ and G =− 1 R dR dZ . In this case, from Eq. ͑6a͒ it is seen directly the beam width W͑Z͒ = ͑−F 0 ͒ −1/4 , where F 0 Ͻ 0 corresponds to the linear focusing lens effect. Thus, from Eqs. ͑6b͒-͑6f͒ one can obtain = Z / W 2 , C 2 = 0, and
where A 0 and B 0 are the arbitrary constants, which determine the initial phase offset, the frequency shift, and the central position of the parabolic beam.
Here, as examples, we consider the following two relevant physical situations. One of them is given by ͓40,41͔
which can be used to investigate nonlinear tunneling of soliton through the nonlinear barrier ͑or well͒ depending on the value of the parameter h ͑−1 Ͻ h Ͻ 0 for well, and h Ͼ 0 for barrier͒ ͓42,43͔. Here the parameters ␦, Z 0 , and h are related to the width, the longitudinal location and the height of nonlinear barrier or well, respectively. In this situation, the gain or loss parameter is of the form
Especially, when h = 0 Eq. ͑10͒ presents a homogeneous nonlinear parameter, and the corresponding gain or loss parameter G͑Z͒ = 0. The other is given by
which characterizes the small fluctuation of nonlinear parameter in a sinusoidal form, which can be used to investigate the robustness of soliton against the system perturbation, where ⑀ is a small quantity and ⍀ is the frequency of fluctuation. In this situation, the gain or loss parameter is of the form
Figures 2 and 3 present the evolutions of the parabolic beam for systems given by Eqs. ͑10͒ and ͑12͒. One can see that when the parabolic beam passes through the nonlinear well ͑barrier͒, it undergoes the self-similar amplification ͑re-duction͒ forming a peak ͑a valley͒ at Z = Z 0 ͑Fig. 2͒, while as the parabolic beam propagates inside the system with the small fluctuation of nonlinear parameter, its amplitude oscillates periodically with the fluctuation of nonlinear parameter ͑Fig. 3͒, moreover, the parabolic beam with an initial phase oscillates periodically along the transverse direction inside such system ͓Fig. 3͑b͔͒. FIG. 1 . ͑Color online͒ The evolutions of the parabolic profile for Eq. ͑7͒. ͑a͒ The self-defocusing regime ͑ =−1͒, where ␤ = 10 and K = −1; ͑b͒ self-defocusing regime ͑ =1͒, where ␤ = −10 and K =1.
IV. DYNAMICS OF DARK SOLITONS ON THE PARABOLIC BACKGROUND
In this section, based on this stable parabolic beam, we investigate the dynamics of dark soliton on the parabolic background. Note that since the fundamental dark soliton of the NLS equation with = −1 and K = 0 is of the form ͱ ␤ tanh͑ ͱ ␤͒e −i␤ , we introduce the function
as an initial beam, where N represents the order of solitons, and ⌿͑͒ is given by Eq. ͑9͒ with = ͓X − X c ͑0͔͒ / W͑0͒. Such an initial excitation beam can introduce an out-of-phase dislocation at the center of the parabolic beam. Figure 4 shows the dynamic scenarios of dark solitons on a parabolic background for the system ͑10͒ with a nonlinear well. For N =1, it is shown that a fundamental dark soliton on the parabolic background propagates in a stable way ͓Fig. 4͑a͔͒, in sharp contrast with the propagation of dark solitons with a Gaussian background where the Gaussian background spreads and the amplitudes of both dark beam and Gaussian background decrease during propagation ͓25-27͔. Thus our results may suggest a better way to observe dark solitons. As shown in Figs. 4͑b͒-4͑d͒, increasing N leads to some properties arising, namely, the parabolic background evolves in a periodic fashion, and the central dark soliton becomes narrow and N − 1 pair gray soliton appears. This property is similar to the dynamics of dark solitons for a standard NLS equation. It should be noted that for other systems given by Eqs. ͑10͒ and ͑12͒, the dark solitons on the parabolic background feature the similar dynamic behaviors. Another interesting finding is the evolution of dark soliton with an initial out-of-phase dislocation at = q 0 , in which the input beam takes the form of
As shown in Fig. 5͑a͒ , it is clearly seen that the dark soliton oscillates periodically due to the phase dislocation deviated from the central position of the parabolic background, compared with the result in Fig. 4͑a͒ . Furthermore, we present the dependence of the period T on the propagation constant ␤ for different initial position q 0 ͑note that q 0 is apart from the boundary of the parabolic background = Ϯ ͱ 2␤͒, in which the period is taken two times the distance between neighboring dips at the central position = 0. As shown in Fig. 5͑b͒ , one finds that the oscillation period almost is independent of 5 . ͑Color online͒ ͑a͒ The evolution of the dark soliton on a parabolic background with q 0 = −1 for the system ͑10͒; ͑b͒ the dependence of the period T on the propagation constant ␤ for different initial position q 0 . Here, the parameters are the same as in Fig. 2͑a͒. the initial position q 0 as long as the propagation constant ␤ is large enough, and closes to 2 ͱ 2 with increasing the propagation constant.
In order to understand the motion of the dark soliton on the parabolic background, we suggest an approximate solution of Eq. ͑3͒ in the form ͓31,33,44͔
where q = q͑Z͒ represents the central trajectory of dark soliton on the parabolic background, the parameters p and ␥ are related to the depth and the width of the dark soliton on the parabolic background with p 2 + ␥ 2 = ␤, which are the functions of Z. In particular, for the case q = p = 0, the solution ͑14͒ is recovered to motionless dark soliton on the parabolic background, as shown in Fig. 4͑a͒ . To determine the evolution of the functions q͑Z͒ and p͑Z͒, we introduce the total power as follows:
Under assumption of the intense field, the propagation constant ␤ is large enough. In this situation, if we do not consider the excitation of dark soliton on the boundary of the parabolic background, then the integral above can be taken as the integral over total real number axis, and the total power can be written approximately as
Introducing p = k dq dZ , which stands for the momentum of dark soliton on the parabolic background, where the proportional factor k acts as effective mass, which depends on the initial position q 0 and the propagation ␤, and noting that the quantity P͑Z͒exp͓−͐ 0 Z G͑ZЈ͒dZЈ͔ is conserved for Eq. ͑3͒, thus by using the integrability condition ͑8͒ one can obtain
This is a nonlinear differential equation, which cannot be solved exactly. However, the numerical simulations show that the motion trajectory given by Eq. ͑15͒ do exhibit the periodic evolution behavior. In order to describe better the central trajectory of the dark soliton on the parabolic background, in particular we present the dependence of the proportional factor k on the initial position q 0 and the propagation constant ␤. Fortunately, with the help of the numerical results shown in Fig. 5͑b͒ , we can present such dependent relation between the proportional factor k and the propagation constant ␤, as shown in Fig. 6 . From it, one can see that the proportional factor k increases with an increase of the propagation constant for given initial position, and eventually tends to ͱ 2, which is consistent with that in Fig. 5͑b͒ .
Physically, increasing initial power ͑corresponding to the increase of the propagation constant͒ leads to the increase of momentum of dark soliton on the parabolic background, and eventually results in the large oscillation period.
Furthermore, if assuming ␤ ϳ ␥ 2 , namely, p 2 Ӷ ␤, the coefficient of second derivative term in Eq. ͑15͒ is close to 2k 2 for large enough ␤. Thus, we can obtain approximately the equation describing the central trajectory of dark soliton as follows:
which agrees with that in Ref. ͓31͔ when k = ͱ 2, which describes the case when the propagation constant ␤ tends to infinity. Here our results show the more general case that the proportional factor k depends on the initial position q 0 and the propagation constant ␤ ͑Fig. 6͒. In order to address how robust is the propagation of dark solitons on the parabolic background, we investigate the interaction between neighboring dark solitons on the parabolic background. Here we take the initial profile as follows:
where
and 0 is the separation between neighboring dark solitons on the parabolic background. Figure 7 presents some illustrative examples on interaction between neighboring dark solitons on the parabolic background for different separation 0 . It is clearly seen that the neighboring dark solitons on the parabolic background are unchanged after mutually colliding, and feature particle properties.
Recall that the dynamical behavior of dark soliton on the parabolic background mentioned above were obtained under the integrability condition ͑8͒. For our example given by Eq. ͑10͒ or Eq. ͑12͒, this condition is determined by Eq. ͑11͒ or Eq. ͑13͒, which presents an exact expression on the gain or loss distribution G͑Z͒. However, the condition is hardly held for practical applications. Indeed, from the expressions of FIG. 6 . ͑Color online͒ Dependence of the proportional factor k on the propagation constant ␤ for different initial position q 0 . Here other parameters are the same as in Fig. 2͑a͒ .
Eqs. ͑11͒ and ͑13͒, one can see that the everage gain of the system is close zero, therefore, we take G͑Z͒ = 0 as an example to demonstrate the dynamics of the dark soliton on the parabolic background for the different systems given by Eqs. ͑10͒ and ͑12͒, respectively. The main results are shown in Figs. 8 and 9. From Fig. 8 one can see that the dark soliton can self-similarly propagate on the parabolic background when it passes through the nonlinear well or barrier except for some pulsating behaviors of the parabolic background, which leads to the width of dark soliton varying periodically, and may be applied to the compression of dark solitons. Figure 9 shows that the dark soliton on the parabolic background can stably propagate inside the system with the small fluctuation of nonlinear parameter, which means that the propagation of the dark soliton on the parabolic background is robust. It should be pointed out that even if G͑Z͒ is nonvanishing, the properties of the propagation of dark soliton on the parabolic background also have no essential change occuring except for some growing or reducing of both the background amplitude and the dip of dark soliton.
V. CONCLUSIONS AND DISCUSSIONS
We have demonstrated self-similar evolution of dark solitons on the intense parabolic background in a planar gradedindex waveguide with self-defocusing nonlinearity. Due to the robust evolution of the parabolic background, dark solitons with such a background can propagate stably, and feature the properties similar to the dark solitons for standard nonlinear Schrödinger equation. We presented an approximate solution, which well describes the periodic oscillation motion for dark soliton on a parabolic background. In addition, we showed the interaction scenarios between neighboring dark solitons on the parabolic background. Finally, we discussed the dynamical behavior of dark soliton on the parabolic background under the nonintegrable condition, and the results showed that the dark soliton can self-similarly evolve on the parabolic background when it passes through the nonlinear well or barrier, and exhibited the robustness of dark soliton on the parabolic background.
It should be emphasized that, in our model, the configuration of the graded-index waveguide is determined by an infinite distribution of the refractive index, which is given by Eq. ͑1͒. However, in practical applications, the width of waveguide is always finite, hence it is necessary to consider the propagation of dark soliton on the parabolic background in a finite width waveguide. Indeed, the effective width of waveguide can be determined by the width of the parabolic background due to the compactness of the parabolic background. Considerable numerical simulations showed that our results are reasonable as long as the width of waveguide is large enough, such as one can take the width of waveguide being two times the width of the parabolic background, in this situation, the main features of dark soliton on the parabolic background can be retained. Thus, our results may suggest a favorable way to observe dark solitons in experiments. For example, in particular case when R͑Z͒ = 1, i.e., h =0 in Eq. ͑10͒, the results mentioned above still hold. Thus we can consider a 1 m thick planar silica waveguide, such as ZnSe ͓45͔, in which the input beam is confined in the y direction. The graded refractive index n 1 ͑for example, n 1 = 0.1 cm −2 ͓12͔͒ in Eq. ͑1͒ leads to w 0 Ϸ 34 m, and the diffraction length L D Ϸ 3.7 cm near 532 nm, where we have used n 0 = 2.7 ͓45͔. If we use n 2 =−7ϫ 10 −14 cm 2 / W, the required peak intensity is about 330 MW/ cm 2 ͑where we take ␤ =10͒, translating into input power levels being about 670 W. Such power levels can be realized by employing a frequency doubled Nd:yttrium aluminum garnet ͑YAG͒ laser ͑ = 532 nm͒ ͓45͔. Thus by reshaping and phase imprinting technologies, the parabolic-type beam with -phase difference can be generated, therefore our results is realizable. In addition, we believe that the waveguide described by Eqs. ͑10͒ and ͑12͒ can be achieved by the current technology, for instance, a nonlinear modulated waveguide in fused silica FIG. 9 . ͑Color online͒ The evolutions of dark solitons on the parabolic background under nonintegrable condition for the system ͑12͒ ͑a͒ without the initial phase ͑A 0 = B 0 =0͒ and ͑b͒ with the initial phase ͑A 0 =1, B 0 =1͒. Here other parameters are the same as in Fig.  3.   FIG. 7 . ͑Color online͒ The evolutions of the neighboring dark solitons on parabolic background. ͑a͒ 0 =2; ͑b͒ 0 = 4. Here other parameters are the same as in Fig. 2͑a͒.   FIG. 8 . ͑Color online͒ The evolutions of dark solitons on the parabolic background under nonintegrable condition for the system ͑10͒ with ͑a͒ h = −0.6, and ͑b͒ h = 2. Here other parameters are the same as in Fig. 2. 
